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Abstract. We consider the statics case of the theory
of linear thermoelasticity with microtemperatures and
microstrech materials. The representation formula of
differential equations obtained in the paper is expressed
by the means of four harmonic and four metaharmonic
functions. These formulas are very convenient and useful
in many particular problems for domains with concrete
geometry. Here we demonstrate an application of these
formulas to the III type boundary value problem for a
half-space. Uniqueness theorems are proved. Solutions are
obtained in quadratures.
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Introduction. One of the basic methods solving
three-dimensional problems of rigid deformable bodies
is the Fourier method, which is based on the solution of
differential equations of a given model by the method of
separation of variables in a certain system of curvilinear
coordinates. In case the construction of system of
differential equations turns out complicated, its solution
can be represented by a simple solution of Laplace and
Helmholtz equations. Representations proposed by
W Kelvin, J.Hadamard, J].Boussinesq, M.papkovich,
G.Neuber, E.Trefftz, G.Kolosow, N.Muskhelishvili and

other authors are well known in the literature.

Mathematical models describing the chiral properties
of the linear thermoelasticity with microtemperatures
materials have been proposed by lesan and recently it
has been extended to a more general case, when the
material points admit micropolar structure. In the
representation and Fourier transforms we study the
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boundary value problems of statics of the thermoelasti-  K.Skhvitaridze, M.Kharashvili [14], M.Svanadze [15]
city with microtemperatures for a half-space x; > 0. For  and the references therein.

a wider overview of the subject concerning different

areas of applications we refer to the references J.Barber Main part

[1], M.Basheleishvili, L.Bitsadze [2], [3], D.Burchuladze,
M.Kharashvili, K.Skhvitaridze [4], P.Cass, R.Quintanila
[5], L.Giorgashvili, K.Skhvitaridze, M.Kharashvili [6],
L.Giorgashvili, Sh.Zazashvili, R.Meladze [7], L. Gior-
gashvili, D.Metreveli [8], R.Kumar, T.Chadha [10],
H.Sherief, H.Saleh [12], B.Singh, R.Kumar [13],

2. Basic equations and auxiliary theorems
The system of equations of statics in the linear theory
of thermoelasticity of the microstretch materials with

microtemperatures is written in the form

pdu(x) + (A + pw)graddivu(x) + ngradv(x) + ygradd(x) = 0, (2.1)
neAw(x) + (34 + 15)graddivw (x) — x3gradf(x) + »,w(x) =0, (2.2)
1A0(x) + »;divw(x) = 0, (2.3)

n14v(x) — ndivu(x) — »#,divw(x) + y,0(x) —n,v(x) = 0, (2.4)

where 4 is three-dimensional Laplace operator, u = (uy, Uy, u3) " is the displacement vector, w = (wy, w,, w3)"
is the microtemperature vector, 6 is the temperature measured from the constant absolute temperature Ty, (T >
0), v is the microstretch, T is the transposition symbol, A, i, ¥, y1 1, 11, *, #j, j=1.2,..,7 are constitutive coef-

ficients, satisfying the conditions

u>0, 344+2u>0, sy +xu5+x5>0, xu5+x#5>0, #5—3u5>0,
Gty + Ton3)? < ATouny, v >0, 1,(31+2u)—372>0, 1, >0

Assume that U = (u,w, ,v)". The stress vector, which we denote by the symbol P(d,n)U, has the form
P(0,n)U = (PW@Q,n)U’, P@@,n)W, PP (,n)U", P®(a,n)U™)T
where U' = (1,0,v)",U" = (W,0)T,U" = (w,v)", n = (ny,n,,n3)" is the unit vector,
P®Q,n)U' =TD@,n)U" + (qv — yd)n,
P@ (0, n)w = (x5 + 1) Z—V; + x4ndivw + x5 [n X rotw],

P®(Q,n)U" = xa—9+x (n-w)
) - an 1 1]
ov
PMO,n)U" =1y —+1,(n-w),
on
Jdu .
T®O,n)u = Z/x% + Andivu + u[n - rotu],

:—n is the derivative along the vector n. The symbol (-) and [X] denote the scalar and vector products of two

vectors in R3.
Definition. The vector U = (u,w, §)" is assumed to be regular in a domain 2 ¢ R® if U € C2(2) n C* ().
Theorem 1. A vectorU = (u,w,8,v)" is a solution of system (2.1)-(2.4) in a domain ) C R3, ifand only ifit

Is represented in the form
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ulx) = =ac + grad®, (x) + a,x;grad®,(x) — e3P, (x) +
rot(e3(;b3 (x)) — a3x3grad®,(x) + asgrad®s(x) — ngraddg(x),

a?(x) a5<l>5(x)] +
+r0t1’ot(e3<:l>6 (x)) + rot(e3cb7 (x))

0() =2+ 20409 4 (A + 2u) B b5 (1),

64’ (x) 0P4( )
62 “+ta ay a‘;: a,@s(x) + (A 4 25D (x),

w(x) = grad [2a4| I+ 4
(2.5)

v(x) —2a1| |+ 5

where c is arbitrary constant AD; (x)=0,

(4—22)Ps(x) =0, (A—12)P;(x)=0, j=67,

j=1234
(4 = 23)Pg(x) =0,

22 =m2}{—l:{1%3>0, lo = #4 + #s + #g, A§=Z—Z>O,

2 =@+ -0 4 = ¥Y12=1n _ ' - @G+,
: n A+ 2u) T (42w -0’ TP 2 — (A +3wn,’

n®— Unz Hy YA
0 = A+2my -y A+ 2) (h (A+21) —yn L /12)
ma+a0k - -\ v .

0 =y T _ pnas 2un

3 14 a, =a; +

B+ -Gtz T G+ —n?

Proof. Assume that the vector U = (u,w, 0, v)" is a solution of system (2.1)-(2.4). From (2.2)-(2.3), we obtain
A(A=2D)0(x) =0, A2 = (mry, — ny13)/uly > 0,

from these equations we get

6¢'4(x)

0(x) =2 % + A+ 2p) b5 (x), (2.6)

where c is arbitrary constant, A®,(x) = 0, (4 — A% )(DS (x)=0.

Substituting the value of 8(x) from (2.6) and divw(x) = — M—Ae(x) into equation (2.2), we obtain
1

(A—27 )w(x) =fgmd [2ﬁ+ aq;;(x)]+i(/1+2ﬂ)-/1(/1; ~2%) grad®,(x)

where 13 = x, /3¢ > 0.

The solution of this equation has the form

ad
2w(x) = grad[2a,= “ta, 64(") ass(x)] + 27
+rotrot(e; P4 (x)) + rot(e;®,(x)) + grad¥ (x),
where (4 — 13 2)Pi(x) =0, j=67,(4— ABYW(x) =0, a, = —u3 /5, as = —n(A + 2u) A% /n;.
Substituting the values of w(x) and 0(x), from (2.10) and (2.8) into (2.3), we obtain ¥ (x) = 0, thus
64’4(76)
w(x) = grad [2a4 ™ ta— a5<l>5(x)] + 2.8)
+r0trot(e3cb6 (x)) + rot(e3cb7 (x)).
If we apply the operator div to both part of equality (2.1), then we obtain
A[(A + 2p)divu(x) + nv(x) —y8(x)] = 0.
b3-ob 3G™3gdo — Work of GTU — Tpyam I'TY ISSN 1512-0996
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From these equation, we get
(A + 2w)divu(x) = y0(x) — qv(x) + 1, (A + 30 (A + 2p) 22 % (2.9)
3

where

n2(A + 2p) — n?
n(A+ 2w

Substituting the value of divu(x), from (2.9) into equation (2.6) and (2.8), we obtain
-(1+2 9
-2y =T ( /«l)h(zi 4(X)>
A+ 2p)

|x| ax3
—(A+2 x
+ (’7” QA 2001 5o _ 27 5 2,1),1‘{) ®5(x) +n(A+ 3u)23
I H1M1

Ady(x) =0, 22 =

0Py (x)
0x

From these, we get

6¢4(x) 3‘1’9 (x)

2v(x) =a, (le + ) +a,®<(x) —n(A+3u) +

+(1 + Zu)lé%(x),

(2.10)

where (4 — 13)®4(x) = 0,

. = A+ 2wy, —vn a B A+ 2u) <V1 (A+2p)—yn L /12)
TR T @ -\ drm  x
Substitute the expressions of 6(x) and v(x), given by (2.6) and (2.10) into (2.1), to obtain

3pdu(x) +( + wgraddivu(x) = grad[(y — nay) (2 <y "%(3"))

AR+ 2p) — a)Ps(x) + 12 (A + 3u)"’“’9(") (2.11)
~n(A+ 2P (x)],

which implies

u(x) = ug(x) + (x), (2.12)
(where uy(x) is a general solution of the Lame homogeneous equation

plduy(x) + (4 + p)graddivuy(x) = 0,
and #(x) is a particular solution of the nonhomogeneous system (2.11)
The solution u,(x) has the form [8]
Uy (x) = grad®, (x) + ax;grad®,(x) — e3P, (x) + rot(e;P3(x)),

where a = (A + p)/(A + 3w), 4P;(x) =0, =1,2,3.
The particular solution of the system (2.11) will be written as

c x
2 = =m 1)(/1+2y|x| 1+ 31
+a;grad®s(x) — n?x;grad®y(x) — ngraddg(x),

———x + x3grad®, (x))

where
N
ABA+2u)°

Substituting the values of the vectors uy(x) and #@(x) into (2.15), we get

as =Yy —
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u(x) = grad®;(x) + ax; grad(;b2 (x) — e3P, (x) + rot(esP3(x)) +
+(r = na) (35 I; + s Xsgradd, () + (2.13)
+asgrad®s(x) + nx, grad(;b9 (x) — ngrad®g(x).
Substitute the expressions of u(x), 6(x) and v(x), given by (2.13), (2.6) and (2.10) respectively, we obtain
0Py (x) _ 2u 0P, (x) ! 0P, (x) _
0x3 A+3u 0x5 A+3u 0x;
This equality well be satisfied, if the function @4(x) is defined in the following form

3 u
Po(x) = A+3wW(Mm? — A+ 3uny)

(% = (A +3)ny)

(2D, (x) + a1 P4(x)),

where
Y12 —1NY1

M4 +21) —n*

Substituting the value of @4(x) into (2.10) and (2.13), we get

0P, (x) 0P, (x)

a]_:

c
v(x) =20, —

TR g~ =+ P5(x) + (A + 2585 (%),
3 3
X
u(x) = alcm + grad®, (x) + a,x3grad®,(x) — e;P,(x) +

+rot(xP3(x)) — azxzgrad®,(x) + azgrad®s(x) — ngrad®g(x),
where

0 =a + Hnas o = Zun N 1 16
e+’ 7 A3 -0 T 2 —n,(A+ 30

Thereby we have proved the first part of the theorem. As to the second part, it is proved by a straightforward

verification that the vector U = (u,w,0,v)" represented in form (2.5) is a solution of system (2.1) —
(2.4). O

Denote by 27 a half-space x; > 0, and by 012 its boundary plane x3 = 0, (23 :=0"NB(O0,R), where B(O,R) is

the ball with center at the origin and radius R. Denote by Y,z that part of the boundary of the ball B(0, R) which

lies in the domain x5 > 0, by S(O, R) the circle with center at the origin and radius R which lies on the plane x; = 0.

Definition. Assume that in the domain 27, the regular vector U = (u,w, 6) " has the property Z(£27) if it satisfies

the following conditions

u(x) =0(1), 0(x)=0(x|™), v(x)=0(x|""), w(x)=0(x|"?), (2.14)
% mZnsz n(x) - u(x)dZ; =0, (2.15)

where n(x) is the external normal unit vector passing at a point x € X with respect to 2, R = |x|
Theorem 2. A solution of system (2.1) —(2.4) which has the property Z({1™)
u(x) = grad®;(x) + a,x;grad®,(x) — e;®,(x) + rot(e;P3(x)) —
—a3x3grad®, (x) + asgrad®s(x) — ngraddg(x),

w(x) = grad( 6<D4(x) + as P (x)> + rotrot(e;®¢ (x)) + rot(e; P, (x)),

2.16)
0() =224 (14 zu)Aqus x),
v(x) =a "’4’2(") + 0, 2D 4 4, 05(x) + (A + 20)4305(0),
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Proof. The proof of this theorem follows from Theorem 2.1 the vectors u(x) and w(x) and the functions 6 (x)
and v(x) represented by formulas (2.5) satisfy conditions (2.14). If the value of u(x) is substituted from (2.5) into
(2.15), then we have ¢ = 0. If the value ¢ = 0 is used in (2.5), then we obtain equalities (2.16), which completes the
proof of the theorem. O

Remark 2.3. The solution of differential equations (2.1) —(2.4), with have Z(27) property, a point at infinity

satisfies the following conditions under in vanishes

u(@) =0 [x|™), 06 =0( IxI), v() =0( [xl™), wix)=0( IxI”), 01
dulx)=0( |x|™), k=123,
where 9, = d/9x,, k=1,23.
3. Statement of the problem. The uniqueness theorem
Problem (III)” . Find, in the domain 27, a vector U = (u,w, §,v)" with property Z(2~) that in this domain
satisfies system (2.1) —(2.4) and on the boundary 012, the following boundary conditions:

@) - u} =300, PPOMU'Y) —nn- PO,V G} =),
@) - wm») =f"30) PPOMU"'Y) - PPOnU" 0N} =f'O), 3.1)
{PROMU")™ =10, (PPOMU"(} = f")
where f' = (f'y, f'2, 007, f" = (f"1, f"2,0).f";, f";, Jj =1,2,3,4 are the functions given on the boundary 0.2,
n(y) is the external normal unit vector passing at a point y € 302, i.e. n(y) = (0,0,1)"
Theorem 4. If Problem (III)~ have solution, these solution is unigue.
Proof. The theorem will be proved if we show that the homogeneous (f’; =0, f"; =0, j= 1,2,3,4) Problem
(III)y have only trivial solution .
Assume that the vector U = (u,w,0,v)" is a solution of Problem (III)g.If we multiply both sides of equality
(2.1)-(2.4). by the u,w, 0 and v, respectively and integrate over the domain 2, then, using Stoke’s formula and

boundary conditions

u@) - PYOMU' M} =0, W) PPOMU"(G} =0,
{0POO,MU" M} =0, {v(x) PP(O,MU" (M} =0,

we get
fZRu (x) - PD@,n)U' (x)dZ; — fﬂR [ED (u,u) — y8(x)divu(x) + nv(x)divu(x)]dx =0,  (32)
f w (x) - P@0,n)U" (x)dZg —
ZR
- fnR [E@w,w) + 13w (x) - gradd (x) + »#,w?(x)]dx = 0, (33)
sz 6 (x) - P®@,n)U"(x)dZx — fnR [ 2grad6(x) + »;w(x) - gradd(x)]dx = 0, (34)
f v (x) - P®(0,n)U" (x)dZg — f [n1grad®v(x) + nu(x)divu(x) +
2R Or
+1,0% (%) — y1v(%)0(x) — #;w(x) - gradv(x)]dx, (3.5)
where
ISSN 1512-0996 B 9-0bs 3GmBgdo — Work of GTU — Tpyas: ITY
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3 2 3 2
314+ 2u u ou, Ou; u du,  Ou;
o <2yt 3 (B2 23 (0
(ww 3 (divi)” + 2 L 0x; + 0xy, * 3 4 dx; 0xy
k+j=1 J k,j=1 J
3u,+ 5+ Mg — X
E@w,w) = %(divw)2 + =22 (rotw)? +
3 2 3 2
s + ¥ ow, 0w s + Mg ow, 0w
* 4 z dx; Ox * 6 z ox, ox;)
kej=1 N k Kj=1 1 "k J

Passing to the limit on both sides of equalities (3.2) -(3.5) as R — +oo0 and taking into consideration the asymptotic

representations (2.17), we obtain

f [ED (w,u) +yO(x)divu(x) + nv(x)divu(x)]dx =0,  (3.6)

o-

f [ED (w,w) + 23w (x) - gradf(x) + #,w2(x)]dx =0,  (3.7)

pa
f [%gradze(x) + x,w(x) - gradf(x)]dx = 0, (3.8)
pa
f [ngrad®v(x) + nu(x)divu(x) + n,v%(x) —
pa

—y1v(x)0(x) — #;w(x) - gradv(x)]dx = 0. (3.9

From the equalities (3.7)- (3.8), we get

f {TOE(Z)(W, w) +

o-

4T0%%0 - (Hl + To}‘fg)z 1
4 + i [Gey + Torz)w(x) +

+2xgradf(x)]*}dx = 0. (3.10)
Since E@ (w,w) = 0, 4Toxx, > (3, + Ton3)?, % > 0, Ty > 0, form (3.10) we obtained that w(x) = 0, 8(x) =
¢ = const, x € {1~. By asymptotic (2.17) we have c = 0,1i.e. 8(x) = 0,x € 2™.

Substituting the value of the functions w(x) =0, 6(x) =0, x € 27, into (3.6) and (3.9), we obtain

Jo- TE® (u,w) + 2nv(x)divu(x) + n,grad®v(x) + 1,v*(x)]dx = 0 (3.11)
E(U,0) = E®(u,u) + 2nv(x)divu(x) + nygrad’v(x) + nv?(x) =
) ouj 2 9 ou; 2
== Thejm1 (aix’]"’ + ﬁ) +E%0 =1 (a_:: - a—xj) +nygrad*v(x) + (3.12)

(BA+2wn—3n* 5 1 . ,
+ satzp V () + 3(31+2p) Bnux) + (34 + 2pdive(x))*,

where U = (u,v)".
Tacking into account that 31+ 2y >0, 1, >0, u>0, 31+ 2u)n, —3n% >0, from (3.12) it follows that
E(U,U) = 0, By virtue of this fact, (3.11) implies
E(UU)=0 x€n.
A solution of this equations has the form

ux)=[bxx]+d, vx)=0 x€en,

b3-ob 3G™3gdo — Work of GTU — Tpyam I'TY ISSN 1512-0996
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where b u d are any three-dimensional constant vectors. By asymptotic (2.17) we have b = d = 0, i.e. u(x) =
0, xen .O
4.Solution of the boundary value problems
If in the boundary conditions (3.1) we assume that n(y) = (0,0,1)7, then these boundary conditions can be

rewritten as follows:

W) =500, oM} =F'0), j=12

Ws0))" = 150, frow )} = F'0), j =12 @)
fED 1w} =40 152+ 0w} = L0

where

! 1 ! ! a a !
Fj()’) = ;(52jf1 o) - 51jf2 (3’)) + 2(81j6_312_ 62j6_311>f 3(¥),

" 1 " " #s + X6 d d "
F j()’) = Z(‘Szjﬂ o) - 51jf2 (Y)) + %—6<61j6—yz_ 62j6_311)f 3(¥)-
In formulas (4.1) assume the following

{6<p(y)}

dx;

- dp(y)
= m .
N73x-y€EIN ax3

A solution of this problem (III)q is sought in form (2.16). Functions @;(x), j = 1,2,...,8 are represented as

follows

D;(x) = [T e @D g (£)dE dE,, j=1,234,

21

o —i(%&)-x 2422
O5@) =5 (117 e TN gy )ag e,

. [ (4.2)
(pj(x) — %ffj:: e—L(x-f)—X3 |€|2+A% gj(f)dgldfz; ] — 6,7,
o —i(%-§)—x3 [|€12+25
Do(x) = [0 e I g6 dg,

where g;(§), j=1,2,..,8 are the sought functions, § = (§1,&,)", ¥ = (x1,%,)7, x = (X1, %2, %3), |§| =

If the functions PD; (x), j=1,2,..,8defined by (4.2) is substituted into (2.16), we obtain
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u(x) = %ffj;{[—elgl(f) - (azxgel + e3)g2(§) + 3293(5)
+azxse; gs(§)]e ™l — a3e495(5)e‘x31/|€|2+l§ +
+773698(f)9_X3‘/m} e &9 d¢E dé,,

wlk) = iﬂ:: {a4|f|9194(f)6_x3|€| — 0.'56495(5)3_"3\]'5'2”% +

+ [ (esIET2 + 78 — 23es) go(8) + €29, (%)) e"‘”'f'z”ﬁ} e, dé, *3)

0(x) =—J"7 [—If 194 (©)e 311 4 (4 + 2004295 (E)e N '2%] e gs de,,

2T

vl = %ff::o [_lfl(asgz(f) +a494(5))e ™k + azgs(f)e’_x3VlngJﬁ1§ +
+ G+ 20BN ettt a,

where e; = (i§1,183,1§1)7, e, = (—i82,i§1,0)T, €3 = (0,0,1)7, 4 = (i§1, i85,/ 1§12 + D)7, €5 =
(i81, 16,V I1§12 + 29)T, €6 = (181, 182,V I§12 + A3)T.

From (4.3) we obtain

o)}, == [[77[(ar + D61, — i616,)92(6) + i€1€195(6) —
—a3(i§,6:; — if152j92(f))gzt(f)]e_i(f{)_%lgldﬁdfz' j=12,
frow ()}, = o= [0 (431281 — 1182 96() +

- —i(%-§)=x3 117423 ,
+i;\ 1§17 + 29, (5)| e W ag e, j=12,

T taws(x) = o [ sl ga e +
4.4
+x1|f|296(f)e"‘3m] e" D ds dg,, -
M2 —sws () = - 11 [masléPga(§) + arlEPga(§))e eI -
—agy[§I? + lfe_xg‘/mgs(f) - %7If|2€_x3‘/mge(§) -
—m@A+2W)3J517 + lie_x3‘/mgs (5)] e\ T d¢ ds,,
where
Ao = Quity + 2, Q; =110y — K70, Qg = AyN), — AsHy.
From (4.3)-(4.4) with boundary conditions (4.1) taken into account we obtain
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1
- [ 161000 - 020 - s fier + 2guco) +
+n f|f|2 + léga(f)] e~ 0DdE dE, = ' (),

1 |
| [“‘*'5'29‘*(5) s 161+ 206) + lzgﬁ(f)] e D dg dE, = £, (),

— [0 Ta6l€1294(9) + 11181 g6(9)] e 0 DdE dE, = £,/ (),
— (177 [ masl€2g2(©) + a71€1294(8) — ag/IE17 + Zgs(§) —
= 17181296 (8) = m @A + 2B IEP + Bge(©)| e 70D dg g, = £, (),
— 77z + 1) (06201 — i6162))92(8) + 11€1€,95(5) — (#5)
—a3(i§30,; — if152j)94(f)]e_i(y{)dfldfz =F'(), j=12
= I77 [ 438261; — i616:)96(6) + 1§ + gy ()] e 0D d1dg, =
=F"(y), j=12
From equalities (4.5) we have

i&(ay + 1)g,(8) + i&11€193(8) — i&a394(8) = ' (6),
= & (ay + 1Dga(8) +i6,18195(8) + i&1azg94(8) = le(st),

i£,2396(&) + iE/IE2 + 23 g,(§) = F" (D),
— & 2396(8) + i&/IE2 + 23 g,(8) = " (),
— €191 = g2(8) — as/I€17 + 23 g5 (&) + 0/ IE1 + 23 g5(&) = f3(8), (4.6)
@41§1294(8) — as /€12 + 22 gs(©) + €17 g6(§) = /5" (D),
as|€129,(8) + 111296 = f' (D),
Mas|E292(8) + a181294 () — aa1E2 + 22 g5(§) — #,1¢1%g6(&) —
—m A+ 2081517 + 22 go(©) = £ @),

where
F© == (85 ) = 8, f3©) + 2(i6:6, — i6:8:) @), j =12,
F'(€) = - (81 ©) = 61 (©)) + 7570 (166, — 626, ) ©), =12, 47)
@) =5 177 9 f{0dydy,, j=1234
fjﬂ(f) — iﬂ::,o el fj"(y)dyldyz, j=12,3,4.

A solution of system (4.6) has the form
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9:@) =22 1EP -2 (e F'©) -2 -2 (61 7"(D) -

GE 13
~f C P +IDE@ +T3C P +DFE© -
|afl|: €12 + 220 () — m (©)

9:&) = ol (e1 f®)-22(e- /@) +
2RO+ L[ A O -25®)],

9@ == (e f'©),

9:(8) = m( SIO) I + e H O,

95(&) =JT o CRHG) BTG AGR
+%ﬁ;(e’>],

96®) = (@ f1©) — e ),

g9,(§) = W(éz ‘f"(f)).

9a(8) = - (& /)& f"() -

(A+2P‘)AZ\/|§|2+AZ [u(a2+1)
— 2 + an (€17 + D@ + anofi () = /"))
where &, = (i&;, i&)7, 8, = (—i&, &), /' =, fOT 1" =" f'2)7

(4.8)

a2 Ml 2 w23 (azn; — azny) 2 = (A + 2143
B n(xs + xg) 5 mQGuaas + axx)’ o nas '
P n1a3 A= a — 1 2= i(&_ Az, ay1mA% >’
(ay + Dryagays (az + Dayy as\@s  (az + DAy (A +21)23
ayn Qs + axu A105 — A0y a1 M5 + A
% = sy %10 = asag %1 = wagdi
g, = Nas @y = azx i LS g = 2nas /
(o, + DA+ 2w)A5 np0sete (A +2u1)A5 (az + DA+ 2123
az a117 _ A3y NQyg 2 a3

TG Gt T aas Gt zwi T aglag + Dagg’
Substituting the values of the functions g;(¢), j = 1,2,...,8, from (4.8) into (4.3) and taking into account the

following equalities (4.7) and
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ff |€|e_l(x E-x3l8lde dg, =

fks‘, iz 2?0 (x,y)
- (x_Y)'f_x3|€|d dé, = - i=12
f |f|3 51 52 axkaxj ) ) iz

Bk -iCe-y)-xslé] Pe(y)
7 ﬂ HEk Wt = G, T

e tE- y)-&E—x3|¢| N7
ff HE ddy =~

o miCe-y)-xslé) _ 0Pty
o ffl siéldé dé, = ax, k=12,

i
P 2 —Ajr
ﬂ I g ag, =S, j=12,
i + a
where r = /(x; — y1)2 + (x; — ¥2)? + x2, &(x,¥) = x3ln(r + x3) — 1, we obtain
(4.9)

U@ = - [I17 K () f 0)dy,dys,

where = (u,w, 0, V)Tf =AW A" 2"'f3"'f4"f4")T-
KY(xy) KPxy) KOy KO(®4y)

K _ [0]5x3 KM)(X,}’) K(7)(x,y) [0]5x1
(x’ Y) - 0 K(lO) K(13) 0
[0]1x3 (x,y) (x,y)
KO(x,y) KO(x,y) K®(x,y) K,y .

K®(x,) = [KP (@, 3)]ax3 P = 124, KO (x,5) = [KP (6, 9351, p = 5,67, KO (x,5) = [KL (6, )13

p =10,11,12, and K(p)(x, ¥), p = 13,15,16 are scalar functions
92 et —1

a;, d2%r ]

* u(ay + 1) 0x,0x; +

1.1
KP(y) =1-65)(1-8)) [—;511' Y P
91 0 e 1

+63;(1 - 613)[14—2#6361_ A14 36_xl r

9% (e T —1 ,12 Atu 9% 1
+“14ax,ax32< r > A+ 2012 9x,0%5 ]
2 _’13T—1 a, 01
+63(1 — 63)) [(1126 9% r +/,t(a2+1)x36_x]-;]+
+66-[—11 A+ 6_21 " (')_3<e—’13r—1_§r>_
B oxsr A+ 2u 36x§r " ox3 r 2

9 e "1
a14l3 ox —r
X3
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az
KiP(y) = (1= 8)(1 = 83)) 3o (@alir = #,() +
]

PN L O ( 9 1) 91
34 ) 0x,0x2 ox, AN dx5 ox;r

0%y, (r) sy 01
~0(1 =83 ( 0x;0x3 * agny(a, +1) ¥ a_x]?)
W (r) 3V, (r) 9% 1
61363]( dx;  0x3 BT 0x3 r)

1 e " 9%y, (r)
Ky (ny) =1~ 85)(1~85)) (—H—Grsl,-— —5>

r 0x,0x;

o (2—2ehr g2
+63;(1—613) — 6x ( PP - + a_xg(%(r) + 0-’187')> +

( ) 01 03W,(r) 10%¥,(r)
S(1—6 ¥ 8363 [ ——~— =
+613( 3;) + 01303; ax T 97 2 ox,

01
+“18"3WF>'
3

¥, (1) 4 as ( a 3 1) (')CD(x,y)) 4

dx; ag(a, +1) & 6_x3 dx;

KfCoy) = (1—85)(

a xs 0¥, (r
+513( 3 X3 4( ))’
ag(a, + 1) r 0x3
—A3r
(6) r] a e 30— 1
Kj; = — ,
) m@A+2w50x, T
a, 0 e M —1
K(7)(x y) = —4——.

g 0x; r

x 0 e M —1
KIP0y) =1-68)—

Ay (’)_x] r
5 Hy 92 e—Alr -1 . —/11r
Yurz\oxz  r i )
—A3r _
an as 0 e 1
K: 7 (x, =———1—-63)————
1 (60 ulay +1) ( 3)) 0x; r +
5 2as 2 e T 9% ehT — 1
Va,+1\ o axZ v ’
—Aqr
(12) H10305 1 ax e "’ —1
=(1-4
(x.7) A-%)50 0x; (aéxz (a,+ D71 asagn, T *
—A3r __ 1 92
+C¥9 #) + 53}' (l[’s (T') + a—xs?lpg(r)) ,
1 (ape™ -1 1
K0y = (T )

e -1 aua,e M —1

’

K(ls)(x' y) =g

r asag r
1 6—237"

K& (x, E—

(x,¥) N T

)
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na; e Mm—1

nae

e~hr —1

Y (r) = + ,
1M asagi, T A+ 2u) 23 T
-7 —A3r
a; e -1 1 naqq e -1 1
v = —_— '
2(7) a5/11< r 2 1r> T AN 257
SO G Lt W TG i Ll
3 asA? r (A +2m)22 r
ay, () = azAf Aun 103
17 20502 ' 20 +2p)  n(ay +1)22°
) = aza,e M —1 _ nag e Msm — 1
* asag T A+2w2% r
w CleM -1  x eM -1
s = P r wa, r
W) = aghde ™" —1 A2 —Qe M -1
6 A% r A% r
w _ag et —1 1/12 1 (e M -1 1/12
=\ T 27 ) T2\ 2T )
v Mag — 12
8 2nA;
az (A2 — A3) e M7 e a7
Ye(r) = Y — a1 (A5 — A3) o
W) =ay L @ e
° 1 r asA’ r
Let us introduce the generalized thermostress operators
TW(9,n) [0]3x3 —yn"  qn'
[0]3x3 T®@,n) [0]sx1 [0]3x1
— 0
PO,mU =1 [0]:s mn *on
0 0
[0]1x3 H7n o M on g

where n = (0,0,1) is a normal vector
T®0,n) = [T @,m)], ., p=12
W 4] 4] 0
Tkl (6,n) =[l5kla—x3+l5k3a—xl+[163la, k,l = 1,2,3,

- 2 B 0
Tkl ((’),n) = %66“6_)63 + %45k3a—xl+ H5(53la—xk, k,1=1,23.

Calculate the stress vector P(9,n)U by (4.9), we have

PO,MU®) = - [['7 L (6, Y)f ) dy:dy,,

where
LW(xy) LPxy) LOy) LOKy)
_ [0]5x3 L(4)(x, y) L(7)(x, y) [0]5x1
L(x,y) = (10) 13) ’
[0]1x3 LY (x,y) LY (x,y) 0

L0V (x,y) LOP(x,y) LO9(x,y) LOO )i,

(4.10)
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LOxy) =[LYEy]  p=1234 1Py =[L)®N] . p=5678
L®(x,y) = [l (x D, p=9101112, LO(x,y), p=13,14,15,16,

are scalar functions,

LY (xy) = Z T 0. mKP (x,y) + GKE P (6, 9) = ¥8,,KS ” (0, 3))8ks, p =12,
3
L ey) = Z T @K (. 9),

LY (x,) Z Ty, (9, MK (x,7) + (KO (x, ) — 8,5 KD (x,y))8is, P = 5.6,
3

20wy =) 1 @0mKD ey,

=1

0
H— KS.O) G, y) + g KS) (x, ),

Ly 6y) =g

0 0
L ) =ma KU, WPy =ng =K P00y - 0K ),

0
L3 (x, y) K(“)(x ) + 1, K7 (x, ),

6
LEGy) =K (0y) — 0K (),

(’)
(16) — __ _w@e)
LU (x,y) M1 o, K™% (x, y).
From the equations (4.6), we obtained
/(0 =0, f"0O)=0, j=12, f£'(0)=0.

If in this equality we use (4.7), then we obtain

W2 F0dydy, =0, [77 f ") dy,dy, =0, j=1,2

77 F ) dy,dy, = 0.

(4.11)

Thus (4.11) provides the convergence of integrals (4.9) and (4.10) if the vector f(y) is smooth. Assume that the
functions f'3(y), f"s(¥) € CY*(02), f4(), f"a(), £, f;(¥) €C*¥(02), j=12, 0<a<1, then by

straight forward verification we establish that the vector U(x) represented in form (4.9) is a solution of system (2.1)-

(2.4) in the domain 7. If in the functions uz(x) and wz(x) from (4.9), the functions {P(l)(a,n)U’(x)}j,
PO, Mw(x)};,j = 1,2, P (0,n)U"(x), PM(9,n)U" (x) from (4.10) we pass to the limitas x = y € 002 (x5 - 0)

and take into account that the kernels of the integral representation of these functions are equal to zero when and

alsox; =0,

+ 00

1 ad
lim > f a—xB—f(y) dyidy, = —f(), y €0,

‘We obtain that the vector U(x) represented in form (4.9) satisfies the boundary conditions (3.1).

If the boundary vector-function, satisfies the conditions
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A
If's O, If"3(y)|<rlyl. 1L If"L 1551 1001 <

j=12, y€adn, A=const>o,

1+ y1*

then the vector U(x) represented by formula (4.9) is a regular solution of problem (//I)~ which satisfies the
following decay conditions at infinity

(), wa(@) = O(x™), Bus(x), Byws(x) = O(x|ZInfx]), k = 1,23,
W), wi), 0(), v() =0(xnlx]), j=12

d
Oku;(x), Opwj(x), 0,0(x), O, v(x) = o(|x|™®), k=123, j=12, 9, = ™

Conclusion. Analogousy can be treated the IV type boundary value problem for a half-space.
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Amnnortanua. Cucrema aubdepeHunanbHbIX ypaBHEHHH 71 H30TPOIIHOTO MUKPOCTPYKTYPHOIO YIIPYTOIO TeJa,
BBIDXKEHHOII depe3 BeKTOPHOe IlepeMelllaHKe, BeKTOp MUKPOTEMIIepPaTyphl, BeKTOP MUKpOBpalleHui, QyHKIUN
MMKDPOPACTSXXe€HUW U TEMIIePATyPHI, IIPeCTaBIeHa CUCTEMOY KOMIUIEKCHBIX YPABHEHUM C YaCTHBIMY IIPOM3BOHBI-
MM BTOPOTO IIOPAKA.

B cTaTee paccmoTpeH crydail CTaTUKHM JIMHEHHOH TEOPHU TePMOYIIPYTOCTH C YI€TOM MUKPOPACTIKeHUH 1 MUK-
poTemmepaTypsl. [lonydena dpopmyia mpeacTaBIeHui OGIINX pelleHUi crcTeMbl AubdepeHIINaTbHbIX YPaBHEHUH
C IIOMOIIBIO YETHIPEX TAPMOHMYECKUX U MeTarapMoHudeckux byHkiuil. [lonydennas ¢opmyia asisercs 6oiee
yAoOHel IIpy pellleHUH JaCTHBIX 337a4 JIA TeJl KOHKPeTHOH reomMerpun. B paboTe paccmoTpena 3agava III —ro tuma

AJI1 TIOJTYIIPOCTPAHCTBA. ,Z[aKa3aHa TeopeMa e JUHCTBEHHOCTH 3TOMH 3alayvun. Pemrenue IIOJTYy49€HO B KBaJpaTypax.
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