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Abstract.  

for computation of the rotating disk with a curved 

rod was selected such a calculation scheme which is 

taking into account complex deformation, i. e. along 

with the action of the bending moment, the action of 

stretching force was also taken into account. The elastic 

and plastic analysis of this phenomenon is given. The 

angular rotation speeds of the asymmetric rod are 

calculated and their critical values were found. The 

effect of the disk size, on the one hand and the size of the 

rod, on the other hand, is shown on the stress-strain 

state of the mechanism. The limited straight line of the 

border of change of the values of the bending moment 

and the stretching force was obtained, at which plastic 

zones in the system under consideration appear and 

expand. The analytical expressions of the normal stresses 

arisen at such loads is given. 

Keywords: Angular speed of rotation; Complex de-

formation; Elastic analysis; Fluidity limit; Plastic ana-

lysis; Radial force; Stresses of stretching and bending.  

 

 
 

Introduction 

The study and solution of the problem presented in 

this work is due to the following circumstances. In the 

aviation and shipping industries, also in different de-

signs and details of the machines, the primary parts of 

the structure (e. g. propellers and the like) experience 

complex deformation - bending with stretching during 

operation at reality. When calculating such structures 

as we managed to find out from the relevant literature, 

only bending deformation is accepted in mind, which 

does not correspond to the real picture. The purpose of 

this work is to find critical angular rotation speed of the 
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asymmetric rod. On fig. 1 a cylindrical disk and flat 

radial rod are shown in the profile and from above. 

Under the influence of centrifugal force, the rod will 

try to straighten up, therefore, on each section will act 

both the bending moment and the force of stretching 

(which has not been taken into account yet). Due to the 

action of gravity, a small transverse force also arises, but 

it can be neglected. To simplify the calculation, consi-

der the rod with a flat base.  

The solution to the problem requires the considera-

tion of both elastic and plastic analysis.. 

 

Main Part 

Elastic analysis 

The full tensile force or radial force acting on the 

cross section of height ℎ2 will be  

𝑁 = ∫ 𝜌 ∙ ℎ𝑡𝑆𝜔2𝑑𝑠 =
𝜌∙𝑡𝜔2ℎ0

6𝐿

𝑏

𝑟
[𝑏3 − 𝑟2(3𝑏 − 2𝑟)] (1) 

If you consider that ℎ
ℎ0

⁄ = (𝑏 − 𝑠)𝜆 is the average 

stress of the tension along the cross section 

𝜎𝑡 =
𝑁

ℎ2𝑡
=

𝜌 ∙ 𝜔2

6(𝑏 − 𝑟)
[𝑏3 − 𝑟2(3𝑏 − 2𝑟)] = 

𝜌∙𝜔2

6
[𝑏(𝑏 + 𝑟) − 2𝑟2]                       (2) 

A full bending moment, also acting in the cross - 

section regarding its centre is 

𝑀 = ∫ 𝜌ℎ𝑡𝑆𝜔2 (
ℎ2−ℎ

ℎ
) 𝑑𝑆

𝑏

𝑟
                   (3) 

The maximum bending stress occurs in the most 

extreme fibers of the rod, and therefore 

𝜎𝑚
𝑚𝑎𝑥 = (𝑏2 − 𝑟2)𝜌 ∙ 𝜔2

4⁄                     (4) 

The most tensile stress in the cross section ℎ2 is 

created in the lowest layers. Connecting equations (2) 

and (4) we get the fluidity stress 

 

 

 
 

Fig. 1 

 
 

𝜎𝑚 =
𝜌 ∙ 𝜔2

12
[3(𝑏2 − 𝑟2) + 2𝑏(𝑏 + 𝑟) − 4𝑟2] =  

𝜌∙𝜔2

12
(5𝑏2 + 2𝑏𝑟 − 7𝑟2)                    (5) 

In the rods with diameter of the disk <  𝑏/7, the 

largest stress occurs at a distance 𝑟 = 𝑏
7⁄  and 𝜎𝑚 =

3𝜌𝜔2𝑏2

7
 . If the diameter of the disk >  𝑏/7, then 𝜎𝑚 

arises where the rod is connected to the disk and is 

equally to 
𝜌𝜔2(𝑏−𝑟)(5𝑏+7𝑟)

12
. Therefore, at completely 

elastic loading and the condition that 𝜎𝑚 = 𝑦, i. e. is 

equal to the yield limit for stretching 

http://www.shromebi.gtu.ge/
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𝑎) 𝑏 7⁄ > 2𝑟; 𝜔2 ≤
7∙𝑦

3𝜌𝑏2 ; 

𝑏) 𝑏 7⁄ < 2𝑟; 𝜔2 ≤
12𝑦

𝜌(𝑏−2𝑟)(5𝑏+7∙2𝑟)

}                 (6)  

 

Plastic analysis 

When the rotational speed exceeds the speed given 

by equation (6), plastic deformations appear in the 

lower part of the rod cross-section. Further increase 

causes an increase of the plastic region and finally 

plastic deformations occur in the upper part of the rod 

cross-section as well. We believe that the material is 

perfectly plastic. The reached fluidity stress will no 

longer increase. Two plasticity zones are separated by 

an elastic zone. We're not going to think about the 

growth of these zones with increasing 𝜔, which is 

embraced completely by plastic deformations earlier 

than others. The speed at which this will happen is the 

limit for the rod, since it becomes possible immediately 

a large deflection. 

For simultaneous tensile and bending, the stress 

distribution in the cross-section fully embraced by 

plastic deformation is shown in (Fig. 1, 𝑑), where 𝜂 

determines the location of the stresses. The resultant of 

tensile stresses acting in the cross-section is 𝑁 =

2𝑡𝑦 (𝜂 −
ℎ

2
) and the largest moment 𝑀 = 𝑡𝑦𝜂(ℎ − 𝜂) at 

𝜂 = ℎ. The stresses distribution is the same as in the 

case of pure tension, when the tensile force is 𝑁0 = 𝑡 ∙

𝑦 ∙ ℎ; and at 𝜂 =
ℎ

2
 , as in the case of pure bending, 

bending moment 𝑀0 =
𝑡𝑦ℎ2

4
. Thus  

(
𝑁

𝑁0
)

2

= (
𝜂−

ℎ

2
ℎ

2

)

2

 and 
𝑀

𝑀0
=

𝜂(ℎ−𝜂)

ℎ2

4

              (7) 

Excluding 𝜂 from these equations, we obtain 

(
𝑁

𝑁0

)
2

+
𝑀

𝑀0

= 1 

It is obvious that after plastic deformation of the 

whole cross-section there should be no stress greater 

than 𝜎𝑦. We can write down the plasticity inequality  

(
𝑁

𝑁0
)

2

+
𝑀

𝑀0
= 1                              (8) 

In the first inequality we substitute 𝑀 from (1) and 

(3), then we get 

(
𝑁

𝑁0
)

2

= (
𝜌∙𝜔2

6𝑦
) [𝑏(𝑏 + 𝑟) − 2𝑟2]

𝑀

𝑀0
= (

𝜌∙𝜔2

6𝑦
) (𝑏2 − 𝑟2)

}             (9) 

Assuming 
𝜌∙𝜔2

6𝑦
= 𝑃 and writing 𝑥 instead of (1 −

𝑟

𝑏
), 

we get 

𝑃2 ∙ 𝑥2(3 − 2𝑥)2 + 𝑃𝑥(2 − 𝑥) − 1 ≤ 0 

Setting values from 𝑥 to 0,6 we calculate the cor-

responding positive values of 𝑃 

 

𝑥 1 0,9 0,8 0,6 

𝑃 0,615 0.594 0.592 0,63 

 

Obviously, 𝑃 takes the minimum value 𝑃 ≈ 0,59, at 

𝑥 ≈ 0,82. This means that the inequality is true for 

every cross-section defined by 𝑥, if 𝑃, and therefore 𝜔 

too, are less of the computed value. The maximum 

permissible angular speed of the rod corresponds to the 

least from the maximum values 𝑃, hence 0,59 =
𝜌𝜔2𝑏2

6𝑦
 

or 𝜔 = 1,88√
𝑦

𝜌𝑏2 . This solution can be used in that 

case, if 𝑎 < 0,18𝑏 or 6,5 ∙ 2𝑟 < 𝑏. Thus using (6), we get 

 

𝑎) 2𝑟 < 0,18𝑏 𝜔𝑃 = 1,88√
𝑦

𝜌𝑏2
 

𝑏) 2𝑟 <
𝑏

7
 𝜔𝐸 = 1,53√

𝑦

𝜌𝑏2
 

 

 
Fig. 2 

 

where, 𝜔𝐸 angular speed, at which the first signs of 

fluidity appear. The meaning of the results is visible 

from (Fig. 2). We built 𝑎) inequality of plasticity 𝑏) 
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relationship between 𝑁 and 𝑀, which is such that 

when they act together, then they cause fluidity 

stresses. Suppose 𝜎 – homogeneous stress of stretching 

in the cross-section; then 
𝑁

𝑁0
=

𝜎

𝑦
 and thus 

𝑀

𝑀0
=

𝑏ℎ2(𝑦−𝑏)

6
∙

4

𝑏ℎ2𝑦
=

2

3
(1 −

𝜎

𝑦
) =

2

3
(1 −

𝑁

𝑁0
)  

 

This expression describes the straight line on the fig. 

2. All possible combinations 𝑀 and 𝑁 providing the 

appearance of plastic deformations are determined by the 

points located between these two lines. Note that the 

small value 𝑁 almost does not influence into the amount 

of the moment necessary to achieve the limit of fluidity. 

 

Conclusion 

The presented work provides evidence that when 

solving the tasks of the considered class, it cannot be 

neglected by expansion deformation. The formulas and 

dependences between 𝑁 and 𝑀 are bred that clearly 

demonstrating this assumption. Shown at what ratio 𝑁 

and 𝑀 increases the effect of stretching on the overall 

picture of deformation. The role of tensile strain in 

achieving plastic deformation and plastic flow is 

pointed out. 

It is shown how the ratio of the disk dimensions, on 

the one hand, and the rod dimensions, on the other hand, 

affects the stress-strain state of the mechanism. Both 

elastic and plastic analysis of this phenomenon is given. 
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